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Abstract. The article is devoted to the study of a system of two inhomogeneous Fredholm integral equations of the first
kind with two required functions depending on one variable. Integral equations describe the restoration of a blurred image,
production costs, etc. Fredholm integral equations with one desired function have been considered in many works, but
relatively few works have been devoted to systems of such equations. The questions of stability for the solution of systems
and the construction of a regularizing system of equations were investigated, but the solution was not constructed in an
explicit form. In this paper, the kernels depend on two variables. The case is considered: in the kernels and
inhomogeneities, the variables are separated in the equations; these functions are decomposed on the basis of two
functions on the interval of integration. Examples of basic functions are given. A condition is determined under which
the system has a unique solution in the chosen basis, formulated as a theorem. The solution is found in the form of an
expansion in this basis. To illustrate the results obtained, an example is considered

Keywords: system of Fredholm integral equations, first kind, basis of two functions, solution, uniqueness, formula,
example.
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AHHoTanusa. CTaThsi IOCBSINEHA W3YYEHUIO CHCTEMBI ABYX HEOJHOPOAHBIX HHTETPAJbHBIX ypaBHEHUH
OpenronbMa TEpBOrO0 poja C ABYMsS HCKOMBIMH (QYHKIUSIMH, 3aBUCSIIUMH OT OJHON TepeMEHHOH.
WHTerpanbHeIMH  ypaBHEHHSAMH OIUCHIBACTCS BOCCTAHOBJICHHE Pa3MBITOTO HW300paKeHUS, H3IEPKKU
MIPOM3BOACTBA U T.1. IHTerpansHble ypaBHeHus: @peAroabma ¢ 0JHON HCKOMOM (yHKIMEH paccMaTpUBAINCh
B MHOTHX Pa0oOTax, HO CUCTEMaM TaKHX ypaBHEHUH IOCBSILEHO CPaBHUTEIBHO Majio pabot. MccnenoBanuce
BOTIPOCHI YCTOMYHMBOCTH JJISl PEIICHUSI CHCTEM U TIOCTPOCHHS PETYIApU3NPYIOIIei CUCTEMBI YpaBHEHUH, HO
pelieHHe B SBHOM BHAE HE CTpomioch. B Hactosmedl pabore simpa 3aBUCAT OT JABYX IEPEMEHHBIX.
PaccmatpuBaetcs ciydaii: B spax 1 HSOOHOPOIHOCTSIX B YPAaBHEHHUAX Pa3ZieIeHbI IEPEMEHHBIC; 3TH (HYHKIIUU
packiaapiBaroTcs 1Mo 6asucy W3 ABYX (YHKIMH Ha WHTEpBalie MHTErpUpoBaHUs. [IpuBOIATCS TpUMEpHI
OasucHbIX (yHKUMi. OmpeneneHo ycioBHE, MPH KOTOPOM CHCTEMa HMMEET EIWHCTBEHHOE DELICHHE B
BbIOpaHHOM Oaszuce, copMynrpoBaHHOE B Buae TeopeMmbl. HaiineHo pemieHne B BHAE Pa3IOXKEHHUS IO
JTaHHOMY Oa3ucy. Jls WiuTrocTparyy MojydyeHHBIX pe3yIbTaTOB PacCMaTpPUBAETCS IIPUMED.

KitroueBble ci10Ba: cucTeMa HHTErpajibHbBIX ypaBHeHHH Dpearonsma, NepBoli pos, 6a3uc u3 ABYX QyHKIMH,
pelIeHne, eAMHCTBEHHOCTD, (hopMyIa, npumep

1. BBeaenune

PaccmarpuBaeTcs cucrema JMHEHHBIX MHTETPAlIbHBIX YypaBHeHHMU Ppearosnbma IEpBOro

pona:
b b
f Kyx G, $)yr (s)ds + f Kyp (6, 8)y2(s)ds = (), (1)
b b
f Kyy (x, $)yr (s)ds + j Kyy (x,5)y2 (s)ds = f,(0), @)

I7i€ 3aJJaHbl HEIPEPBIBHBIE IO COBOKYITHOCTH IIEPEMEHHBIX B nipsiMoyroibHUKE [ = X X X, roe X =
[a; b], bysxumn K;j(x,s), menpepeBHEle (ynkmmn fi(x) B X, i,j = 1,2. Oyskmun K;;(x,s)

HAa3bIBAIOTCA sAApaMU.
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IMox pemenuem cucremsl (1), (2) moapasymesarorcs pyukumu y;(x), i = 1,2, HenpepbIBHBIE
B X u ynosnetrBopsromue (1), (2) B X.

AXTyanpbHOCTh TEMBI CBsI3aHa C OOJBIIUM KOJHMYECTBOM IPHIOKEHHH HWHTErPATBbHBIX
ypaBHeHU Ppearonbpbma: MU OMHUCHIBAETCS, HAIPUMED, BOCCTAHOBJICHHE Pa3MbITOr0 N300pakeHUs
[1], u3gepkku npou3BoaCTBA [2] U T. 1.

B paborax [3], [4] (Ha KOHEYHOM H OECKOHEYHOM MPOUEKYTKE WHTETPUPOBAHUS
COOTBETCTBEHHO) JUII CHUCTEM JIMHEHHBIX WHTETPAJbHBIX ypaBHeHHH @Dpearoibma MOCTPOSHBI
PEryIsIpU3UPYIOIINE CUCTEMbI YPaBHEHUH B MMPOCTPAHCTBE UHTETPUPYEMBIX C KBaJAPAaTOM (PYHKIIMMA
U TIONyYeHBl OIEHKUM YCTOMYMBOCTH JJIs PEIICHUN CHCTeM, HO pEIIeHHe B SBHOM BHUJEC HE
HaXOJIUJIOCh.

Hacrosias paGoTa sBJISIETCS] TOTUYECKUM MIPOJIOIKEHHEM paboThI [5] aBTOpa 3TOM CTaThU.
3neck Bee 3a/1aHHble GYHKIMH T0JIaraloTcs pa3iosKeHHBIMH 110 3aJaHHOMY 0a3ucy U3 IBYX (PYHKIIMA.
HckoMmoe perieHre CUCTEMbI HAXOAUTCS TaKKe B BUJE PA3I0oKeHUs 1o dToMmy Oasucy. [IpuBoaurtcs

WJUTFOCTPUPYIOLIUN ITPUMED.
2. O 6a3ucHBIX QPYHKIMAX

ITycte H = {h,(x), h,(x)} — 6a3uc na maoxkectBe Y 1 W (Xx) — BpOHCKHMaH, MOCTPOCHHBIN C

MOMOIIBIO ATHX GYHKIUH [6]:

W(x) = det(hl(x) hz(x)>_

hi(x)  hy(x)

Jlemma. ITocnenoBatensHoCcTh pyHKIMH H 00pasyer 6a3uc B Y Torna u TOJIBKO TOT/Aa, KOTaa
W(x) # 0 npu kaxxaom x € Y.

Ipumep. Hampumep, cieayiomme mocieaoBaTeNbHOCTH (YHKIMA 00pa3zyloT 0a3uc Ha

MHOeECTBe Y:

a) hy(x) = x, hy(x) =x%, Y =(0;1);
6) hy(x) =sinx, h,(x) = cosx, Y =R;
B) hy(x) = e%, hy(x) = eb%, Y =R,

rac a,b — MPOU3BOJIbHBIC BCIICCTBCHHBIC ITOCTOSHHBIC.

[TpoBepum 3T0 111 MOCIEAOBATEILHOCTH a). JIeHCTBUTENBHO, B CHUITY JIEMMBI, UMEEM:

2
W(x) = det (915 ;x) =—x%>#0,x€Y.

3. Pemenue cucremsi (1), (2)

[Tepeiinem k pemenuto cucreMsl (1), (2).

Hanoxuwm crnenyromiee ycioBue.
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Yenosue 1. Bee 3anannble GyHKIUM pasiioxeHsl 1o 6asucy H Ha MHOxecTBe X:

Kij(x,s) = KD ()hy () + KD ()hy (x),

(3)
fiG) = £ + P (x),  ij=12
(31ech fi(l), fi(z) — TIOCTOSIHHBIE).
Torna moacranoska (3) B (1) mpuBOAUT K paBEeHCTBAM:
M) [ K Eds +ho@) [ KD Er6)ds +
M) [ KD (5)ds + ha) | K ©ya)ds = ARG + £2hy (0,
[MpupaBHAB KO3)DHUIHMEHTHI TPH GA3HUCHBIX QYHKIUAX H, TOIydrM cUCTEMY:
b b
[ K2 ©@ds + | kP ©yads = 42,
a a
4)
b b
jKl(f)(s)yl(s)ds + f Kg)(s)yz(s)ds = (2).
a a
Tenepsp, noactasus (3) B (2), HOTy4YUM CUCTEMY:
b b
M) [ KD )ds + by [ KD (s)ds +
a a
e f KD ()y,(5)ds + hy(x) f KD ()y,()ds = F0h () + [P hy (o).
[IpupaBHuBanue K03(hHUITMEHTOB MPH 0A3UCHBIX QYHKIUSIX TPUBOIUT K CUCTEME:
b b
| K2 ©n@ds + | kP ©rads = 42,
a a
(%)
b b
sz(l) (s)y,(s)ds + f Kz(?(s)yz (s)ds = (2).
a a

Hanee, paccmarpuBaercs cuctema (4), (5). Paznoxxum nckomsie GyHKIuM mo 6aszucy H:
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yi(x) = yPh(x) + PR (%), i =1,2. 6)

M W @ 5 .
OCTOSHHBIC yi , yi HaJJICKUT BEIYUCIUTh. B 0003HaUYCHUN:

b
M, = f K ()i (s)ds (7)

a
noscraHoBka (6) B (4), (5) BieUeT CIEAYIONIYI0 CUCTEMY C YEThIPhMSI HEM3BECTHBIMHU:

@ ., @ .,@ @ ., @ @ _ @
My, + My + My, + Moy, 1

)

M@ D 4 y@ @ 4 @M 4 @) (2) 1(2)

11101 11201 1212 122Y2 )
)
@ ,,@ @ .,@ @ @ @ .2 _ @
M3y + Moy, + My v, + Mooy, =1,
@), @ @), 2 ) (1) 2),,(2) _ (2
My1ay T Mynyr 7 + Moy, + Myyny,” =1
CocrtaBum omnpenenuTens A, coCTaBICHHBIN U3 KO3 PHUIIMEHTOB B JIeBOH yacTu (8)
(€Y} (€] 1 1
Myyn Mg M1(2)1 M1(2)2\
() ) 2 )
A= detl M7y M, M1 Moo | (9)
D @ 1) @ |
M;1n My, My My,
) 2 2 2
My1n My, My, My,

l o
U OIpeaeIuTenn AE), MOJIy4eHHbIe W3 A 3aMeHOil CTONOIOB U3 CBOOOJHBIX YJICHOB

T
(fl(l) fl(z) fz(l) fz(z)) CIIeyIOMUM 00pa3oM: B Agl) 3aMEHSIeTCsl TIEPBBIM CTONOEI, B Agz) —

. 1 N 2 .
BTOpOIi cTonberr, B A(Z ) _ TpeTuii cTonberr, B A(Z ) _ YEeTBEPTHINA CTONOCTI.
Hanoxum cienyromee ycioBue.

Yciaosue 2.

A#0.

Torna cuctema (8) umeeT eAMHCTBEHHOE pEIlIeHUE, onpenenseMoe o Gopmynam [7]:

)
o _ A

TeM cambIM, OJIy4YEH CIEAYIOMIMN pe3ybTaT.

, 6j=1,2. (10)

Teopema. Ilycmo evinonnensvt ycnogus 1, 2. Toeoa cucmema (1), (2) umeem eourncmeennoe

peuwenue 6 bazuce H, onpedensemoe no popmynam (6), (10), (8), (9).
4. Ilpumep

Haiitu pemenue cucreMsl B 6asuce x2, x Ha (0; 1)

—
W
| —
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1 1

j(3x2 + 2sx)y,(s)ds + j(sz + 3sx)y,(s)ds = x? + 2x,
0 0

(11)

1 1
f(x2 + 3sx)y;(s)ds + f(3x2 + sx)y,(s)ds = x? + 4x.
0 0

B 11.2 6bU10 yCTaHOBIIEHO, YTO cUCTeMa (YHKIUN
hy(x) = x%, hy(x) = x,
oOpa3yer 6a3uc Ha (0; 1).
Hanee,
K, (x,s) = 3x% + 2sx, K;,(x,s) = 2x? + 3sx,
Ky1(x,8) = x? + 3sx, K;5(x,s) = 3x? + sx,
filx) =x*+2x,  f,(x) = x% + 4.

[Ipumenum pe3yabTaThl T€OpeMbl U3 1.3. YcioBue 1 umeer mecto. [IpoBepuM BhINoNIHEHNE

ycaoBud 2. JIeHCTBUTENBHO, BBIYUCIICHUS MTOKA3bIBAIOT, YTO
A =-49/5184 + 0.

DT0 03HayaeT, 4To pemieHue cucteMsl (11) B manHOM 6aszuce enquHCTBeHHO. OHO Ompesensercs
bopmynamu

, 222 120
y;(x) = 48x - yz(x)z—Tx + 12x.
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